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HOLOMORPHIC VECTOR FIELDS AND CHOW GROUPS
WENCHUAN HU
Abstract. We show that the chow group of p-cycles with rational coefficients
are isomorphic to the corresponding rational homology groups for smooth com-
plex projective varieties carrying a holomorphic vector field with an isolated
zero locus. As applications, we obtain Chow groups and Lawson homology
groups with rational coefficients and verify the Friedlander-Mazur conjecture
and the Generalized Hodge conjecture for those varieties.
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1. Introduction
Let V be a holomorphic vector field defined on a smooth projective algebraic
varietyX . The zero subscheme Z is the subspace ofX defined by the ideal generated
by VOX and we denote it by X
V . The existence of a holomorphic vector field with
zeroes on a compact complex manifold imposes restrictions on the topology of the
manifold. For example, the Hodge numbers hp,q(X) = 0 if |p − q| > dimZ (see
[CL] and references therein).
According to Lieberman ([Li1]), a holomorphic vector field V on a complex alge-
braic projective variety X with nonempty zeroes is equivalent to the 1-parameter
group G generated by V is a product of C∗’s and at most one C’s. This induces us
to study the structure of X admitting a C∗-action or a C-action.
For a smooth complex projective variety X admitting a C∗-action, Bialynicki-
Birula structure theorem describes the relation between the structure of X and
that of the fixed points set([B-B2]). In particular, there is a homology (resp. Chow
groups, Lawson homology, etc.) basis formula connecting the homology groups
(resp. Chow groups, Lawson homology groups, etc.) of X and those of XC
∗
.
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It is expected that a similar decomposition holds for a smooth complex projective
variety X admits a C-action. However, very little is known in this direction.
In section 3 we will use the method on the decomposition of diagonal by Bloch
and Srinivas([BS], Bloch credits the idea to Colliot-The´le`ne.) to compute the Chow
groups of X in the case that XV are isolated points. In rational coefficients, the
Chow groups of X are identified with their corresponding homological groups with
rational coefficients.
Theorem 1.1. Let X be a smooth complex projective algebraic variety which admits
a holomorphic vector field V whose zero set Z is isolated and nonempty. Then the
cycle class map Chp(X)⊗Q→ H2p(X,Q) is injective for all p.
Furthermore, the injectivity of Chp(X) ⊗ Q → H2p(X,Q) for all p implies that
they are isomorphisms for all p. As applications, we show that the corresponding
Chow groups, Lawson homology groups and singular homology groups are isomor-
phic in rational coefficients. Moreover, the Friedlander-Mazur conjecture and the
generalized Hodge conjecture hold for such an X .
If X is singular, much weaker results can be obtained in general when X either
admits a C∗-action or a C-action. The details and application in this direction will
appear in a subsequent paper.
2. Invariants under the additive group action
Let X be a possible singular complex projective algebraic variety X admitting
an additive group action. Our main purpose is to compare certain algebraic and
topological invariants (such as the Chow group of zero cycles, Lawson homology,
singular homology, etc.) of X to those of the fixed point set XC. If X is smooth
projective, most of topological invariants are studied and computed in details, but
some of algebraic invariants are still hard to identified. Some of those invariants
have been investigated even if X is singular. In this section, we will identify some
of these invariants including the Chow groups of zero cycles, Lawson homology for
1-cycles, singular homology with integer coefficients, etc.
2.1. A-equivalence. Let A be a fixed complex quasi-projective algebraic variety.
Recall that an algebraic scheme X1 is simply A-equivalent to an algebraic va-
riety X2 if X1 is isomorphic to a closed subvariety X
′
2 of X2 and there exists an
isomorphism f : X2 −X
′
2 → Y × A, where Y is an algebraic variety. The smallest
equivalence relation containing the relation of simple A-equivalence is called the
A-equivalence and we denote it by ∼ (see [B-B1]). A result of Bialynicki-Birula
says that X∼XC if X is a quasi-projective variety admitting a C-action. A similar
statement holds for X admitting C∗-action. From this, Bialynicki-Birula showed
that H0(X,Z) ∼= H0(XC,Z) and H1(X,Z) ∼= H1(XC,Z) in the case that X ad-
mits a C-action, where χ(X) = χ(XC
∗
) in the case that X admits a C-action (see
[B-B1]). Along this route, more additive invariants has been calculated for varieties
admits a C or C∗-action (see [H1]).
2.2. Chow Groups. Let X be any complex projective variety or scheme of dimen-
sion n and let Zp(X) be the group of algebraic p-cycles on X . Let Chp(X) be the
Chow group of p-cycles on X , i.e. Chp(X) = Zp(X)/{rational equivalence}. Set
Chp(X)Q := Chp(X) ⊗ Q, Chp(X) =
⊕
p≥0Chp(X). Let Ap(X) be the space of
p-cycles on X modulo the algebraic equivalence, i.e. Ap(X) = Zp(X)/∼alg, where
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∼alg denotes the algebraic equivalence. For convenience, set Ap(X)Q := Ap(X)⊗Q,
Chq(X)Q = ChdimX−q(X)Q and A
q(X)Q = AdimX−q(X)Q. Let clp : Chp(X) →
H2p(X,Z) be the cycle class map. Denoted by Chp(X)hom := ker(clp). There are
all kinds of functorial properties including pull-forward for morphisms, pull-back
for flat morphisms, homotopy invariance property and a well-defined intersection
theory on smooth projective varieties, etc. For more details on Chow theory, the
reader is referred to Fulton ([Ful]).
Recall that (cf. [Bl]) for each m ≥ 0, let
∆[d] := {t ∈ Cd+1|
m∑
i=0
ti = 1} ∼= C
d.
and let zl(X, d) denote the free abelian group generated by irreducible subvarieties
of codimension-l on X × ∆[d] which meets X × F in proper dimension for each
face F of ∆[d]. Using intersection and pull-back of algebraic cycles, we can define
face and degeneracy relations and obtain a simplicial abelian group structure for
zl(X, d). Let |zl(X, ∗)| be the geometric realization of zl(X, ∗). Then the higher
Chow group is defined as
Chl(X, k) := πk(|z
l(X, ∗)|)
and set Chl(X, k) := Ch
n−l(X, k). In particular, Chl(X, 0) = Chl(X).
Note that there exists a long exact sequence for higher Chow groups (see [Bl]):
(2.1) ...→ Chr(Y, k)→ Chr(X, k)→ Chr(U, k)→ Chr(Y, k − 1)→ ...
for any triple (X,Y, U), where X is a quasi-projective variety, Y ⊂ X a closed
subvariety and U ∼= X − Y .
Moreover, there are homotopy invariance for higher Chow groups, i.e.,
(2.2) Chr(X, k) ∼= Chr+1(X × C, k)
for any quasi-projective variety X .
Proposition 2.3. Let X be a (possible singular) connected complex projective va-
riety. If X admits a C-action with isolated fixed points, then Ch0(X) ∼= Z.
Proof. Since X admits a C-action with isolated fixed points, there exists a C-
invariant Zariski open set U ⊂ X such that U ∼= U ′ × C (see [B-B1]). Such U and
U ′ can be assumed to be non-singular if necessary. The compliment Z := X −U is
also C-invariant. We have the long exact sequence for homology groups
...→ HBM1 (U,Z)→ H0(Z,Z)→ H0(X,Z)→ H
BM
0 (U,Z)→ 0.
Note thatHBM0 (U,Z) = H
BM
0 (U
′×C,Z)
P.D.
∼= H2n(U
′×C,Z) = 0 andHBM1 (U,Z) =
HBM1 (U
′ × C,Z)
P.D.
∼= H2n−1(U
′ × C,Z) = H2n−1(U
′,Z) = 0, where P.D. denotes
the Poincare Duality for Borel-Moore homology and the last equality holds since
dimC U
′ = n − 1. Hence H0(Z,Z) ∼= H0(X,Z) ∼= Z and so Z is connected in the
complex topology.
By the localization sequence of Chow groups, we have the exact sequence
Ch0(Z)→ Ch0(X)→ Ch0(U)→ 0.
By the induction hypothesis, one has Ch0(Z) ∼= Z. Since U ∼= U
′ × C, we have
Ch0(U) ∼= Ch0(U
′ × C) = 0. Therefore, Z → Ch0(X) is surjective. So Ch0(X) is
isomorphic to Z or Zm for some positive integer m.
4 WENCHUAN HU
By the following commuative diagram
Ch0(Z) //
∼=

Ch0(X) //

Ch0(U)
=

// 0
H0(Z,Z) // H0(X,Z) // H
BM
0 (U,Z)
// 0,
we have Ch0(X) ∼= Z since Ch0(U) ∼= H
BM
0 (U,Z) = 0 and H0(X,Z)
∼= Z. This
completes the proof of the proposition. 
Remark 2.4. There is another method to show that Ch0(X) ∼= Z. Since X is
connected and admits a C-action with isolated fixed points, the fixed points XC
must be exactly one point p0([B-B1, Cor. 1]). The closure of the orbit of any a
point y ∈ X contains the fixed point p0. Therefore, y is rationally connected to p0
and hence by definition of the Chow group, one has Ch0(X) ∼= Z. In particular,
if X is a smooth projective variety, then X is rationally connected(see [Hw, Prop.
3]) and so Ch0(X) ∼= Z.
Remark 2.5. More generally, by using the same method, we can show that if X
admits a C-action with fixed points XC, then Ch0(X) ∼= Ch0(X
C).
2.3. Lawson homology. The Lawson homology LpHk(X) of p-cycles for a projec-
tive variety is defined by
LpHk(X) := πk−2p(Zp(X)) for k ≥ 2p ≥ 0,
where Zp(X) is provided with a natural topology (cf. [F1], [Law1]). It has been
extended to define for a quasi-projective variety by Lima-Filho (cf. [LF]). For
general background, the reader is referred to Lawson’ survey paper [Law2]. The
definition of Lawson homology has been extended to negative integer p. Formally
for p < 0, we have LpHk(X) = πk−2p(Z0(X × C
−p)) = HBMk−2p(X × C
−p,Z) =
HBMk (X,Z) = L0Hk(X) (cf. [FHW]), where H
BM
∗ (−,Z) denotes the Borel-Moore
homology with Z-coefficients.
In [FM], Friedlander and Mazur showed that there are natural transformations,
called Friedlander-Mazur cycle class maps
(2.6) Φp,k : LpHk(X)→ Hk(X,Z)
for all k ≥ 2p ≥ 0.
Recall that Friedlander and Mazur constructed a map called the s-map s :
LpHk(X) → Lp−1Hk(X) such that the cycle class map Φp,k = s
p ([FM]). Ex-
plicitly, if α ∈ LpHk(X) is represented by the homotopy class of a continuous map
f : Sk−2p → Zp(X), then Φp,k(α) = [f ∧ S
2p], where S2p = S2 ∧ · · · ∧ S2 denotes
the 2p-dimensional topological sphere.
Set
LpHk(X)hom := ker{Φp,k : LpHk(X)→ Hk(X)};
LpHk(X)Q := LpHk(X)⊗Q.
Denoted by Φp,k,Q the map Φp,k ⊗ Q : LpHk(X)Q → Hk(X,Q). The Griffiths
group of dimension p-cycles is defined to be
Griffp(X) := Zp(X)hom/Zp(X)alg.
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Set
Griffp(X)Q := Griffp(X)⊗Q;
Griffq(X) := Griffn−q(X);
Griffq(X)Q := Griffn−q(X)Q.
It was proved by Friedlander [F1] that, for any smooth projective variety X ,
LpH2p(X) ∼= Zp(X)/Zp(X)alg = Ap(X).
Therefore
LpH2p(X)hom ∼= Griffp(X).
Proposition 2.7. Under the same assumption as Proposition 2.3, we have
L1Hk(X) ∼= Hk(X,Z)
for all k ≥ 2. In particular, Griff1(X) = 0.
Proof. Since the natural transform Φp,k : LpHk(−)→ Hk(−,Z) is a natural trans-
form and there exists a long localization sequence of Lawson homology, one has the
following commutative diagram of long exact sequences (see [Law1], [LF])
L1Hk+1(U) //
Φp,k+1

L1Hk(Z) //
∼=

L1Hk(X) //
Φp,k

L1Hk(U)
Φp,k

// L1Hk−1(Z)
∼=

HBMk+1 (U, Z)
// Hk(Z, Z) // Hk(X, Z) // H
BM
k (U, Z)
// Hk−1(Z),
where Z and U are the same as in the proof of Proposition 2.3. Since Z admits
C-action with isolated point and connected as shown in Proposition 2.3, we have
by the induction hypothesis that Φ1,k : L1Hk(Z) ∼= Hk(X,Z) for all k ≥ 2.
Note that L1Hk(U) = L1Hk(U
′×C)
S
∼= L0Hk−2(U
′)
D.T.
∼= HBMk−2 (U
′) and L1Hk+1(U) =
L1Hk+1(U
′ × C)
S
∼= L0Hk−1(U
′) = HBMk−1 (U
′,Z), where S denotes the Suspen-
sion isomorphism for Lawson homology and D.T denotes the Dold-Thom theorem.
Hence L1Hk(X) ∼= Hk(X,Z) follows from the Five Lemma. From the fact that
Griff1(X) ∼= ker{Φ1,2 : L1Hk(X) ∼= Hk(X,Z)}, we get Griff1(X) = 0. This com-
pletes the proof of the proposition. 
Remark 2.8. The isomorphism L0Hk(X) ∼= Hk(X,Z) holds for any integer k ≥ 0,
which is the special case of the Dold-Thom Theorem.
Remark 2.9. The assumption of “connectedness” in Proposition 2.7 is not necessary.
By the same reason, we can remove the connectedness in Proposition 2.3, while the
conclusion “Ch0(X) ∼= Z” would be replaced by Ch0(X) ∼= H0(X,Z).
Remark 2.10. In case that X is smooth projective, the statement “Ch0(X) ∼= Z”
implies that L1Hk(X)hom⊗Q = 0 for all k ≥ 2 (see [Pe]). However, if X is singular
projective variety, “Ch0(X) ∼= Z” and “L1Hk(X) ∼= Hk(X,Z)” are independent
statements in the sense that we can find examples such that one holds but the
other fail (see [H2]).
From the proof of Proposition, we have actually shown the following result.
Corollary 2.11. Let X be a (possible singular, reducible) complex projective variety
admitting a C-action. Let XC be the set of fixed points. If we have L1Hk(X
C) ∼=
Hk(X
C,Z) for all k ≥ 2, then
L1Hk(X) ∼= Hk(X,Z)
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for all k ≥ 2.
Proof. In the proof Proposition 2.7, the hypothesis induction we actually used is
the isomorphism “L1Hk(Z) ∼= Hk(Z,Z)” if dimZ < dimX and Z
C = XC, which
is implied by the assumption XC is isolated. Now the isomorphism “L1Hk(Z) ∼=
Hk(Z,Z)” if dimZ < dimX and Z
C = XC is our assumption. This completes the
proof of the corollary. 
2.4. The virtual Betti and Hodge numbers. Recall that the virtual Hodge
polynomial H : V arC → Z[u, v] is defined by the following properties:
(1) HX(u, v) :=
∑
p,q(−1)
p+q dimHq(X,ΩpX)u
pvq if X is nonsingular and pro-
jective (or complete).
(2) HX(u, v) = HU (u, v) +HY (u, v) if Y is a closed algebraic subset of X and
U = X − Y .
(3) If X = Y × Z, then HX(u, v) = HY (u, v) ·HZ(u, v).
For example, HP1(u, v) = 1 + uv, HP0(u, v) = 1, HC(u, v) = (1 + uv)− 1 = uv,
and HCm(u, v) = (uv)
m. For a smooth algebraic curve C of genus g, HC(u, v) =
uv + gu+ gv + 1. The existence and uniqueness of such a polynomial follow from
Deligne’s Mixed Hodge theory (see [D1, D2]). The coefficient of upvq of HX(u, v) is
called the virtual Hodge (p, q)-number of X and we denote it by h˜p,q(X). Note that
from the definition, h˜p,q(X) coincides with the usual Hodge number (p, q)-number
hp,q(X) if X is a smooth projective variety. The sum β˜k(X) :=
∑
i+j=k h˜
p,q(X) is
called the k-th virtual Betti number of X . The virtual Poincare´ polynomial of X
is defined to be
P˜X(t) :=
2 dimC X∑
k=0
βk(X)tk,
which coincides to the usual Poincare´ polynomial defined through the corresponding
usual Betti numbers.
Let X be a (possible singular) connected complex projective variety. It was
shown in [B-B1] that if X admits a C-action with isolated fixed points, then
H1(X,Z) = 0. Furthermore, it was shown in [H1] that the virtual Hodge numbers
h˜p,0(X), h˜0,q(X) vanish for all q 6= 0. This implies that the there is no holomorphic
form p-forms on X if X is smooth projective and has a holomorphic vector field V
such that p > dim zero(V )(cf. [Ho]).
Moreover, the virtual Betti nubmer β˜1(X) = 0. The following proposition says
that H1(X,Z) = 0, which may be implied in literatures but to our knowledge it
has not been mentioned explicitly elsewhere. By the universal coefficient theorem,
it is equivalent to H1(X,Z) = 0 and the torsion of H1(X,Z) is zero.
Proposition 2.12. Under the same assumption as Proposition 2.3, we have
H1(X,Z) = 0.
Proof. Using the notations as in Proposition 2.3, we have the following long exact
sequence of Borel-Moore homology
...→ HBM1 (U,Z)→ H0(Z,Z)→ H0(X,Z)→ H
BM
0 (U,Z)→ 0.
SinceHBM0 (U,Z) = 0 andH
BM
1 (U,Z) = 0 (see the proof of Proposition 2.3). Hence
the sequence reduces to the following long exact sequence
(2.13) ...→ HBM2 (U,Z)→ H1(Z,Z)→ H1(X,Z)→ 0.
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Note that
HBM2 (U,Z) = H
BM
2 (U
′ × C,Z)
P.D.
∼= H2n−2(U
′ × C,Z)
= H2n−2(U
′,Z)
= Zm,
where m is the number of connected components of U ′.
Since H1(Z,Z) = F1(Z)⊕ T1(Z) and H1(X,Z) = F1(X)⊕ T1(X), where F1(Z)
(resp. T1(Z)) denotes the free (resp. torsion) part of H1(Z,Z). From Bialynicki-
Birula’s result, one has F1(Z) ∼= F1(X) = 0. These together with Equation (2.13)
yield
(2.14) ...→ Zm → T1(Z,Z)→ T1(X,Z)→ 0.
Hence T1(Z,Z) → T1(X,Z) is surjective. By the induction hypothesis, one has
T1(Z,Z) = 0 and so H1(X,Z) = T1(X,Z) = 0. This completes the proof of the
proposition. 
From the proof of Proposition 2.12, we actually show that if X is a (possible
singular) connected complex quasi-projective variety admitting a C-action with
isolated fixed points or even no fixed points, then HBM1 (X,Z) = 0. More generally,
we actually get the following result.
Corollary 2.15. Let X be a complex quasi-projective variety with a C-action, then
we have HBM1 (X,Z)
∼= HBM1 (X
C,Z).
3. Chow groups of a holomorphic vector field with isolated zeroes
In this section, X is a nonsingular complex projective variety unless otherwise
specified. A holomorphic vector field V on X means that V ∈ H0(X, TX), where
TX is the tangent sheaf of X .
If X admits a holomorphic vector field with isolate zeroes, then the 1-parameter
group G by the vector field is (C∗)k × (C)r for some k ≥ 0 and 0 ≤ r ≤ 1 (see
[Li1]). If r = 0, then X admits a torus action with isolated fixed points and hence
X admits a cellular decomposition (see [B-B1]) and so Chp(X) ∼= H2p(X,Z). If
r = 1, then we write G1 = (C
∗)k−1 × C and so G = G1 × C
∗. Then X1 := X
C∗
is nonsingular and Z := (X1)
G1 is the isolated zero set. Therefore, Theorem 1.1
reduces to the following theorem.
Theorem 3.1. Let X be a smooth connected complex projective algebraic variety
which admits a C-action whose fixed point set Z is isolated and nonempty. Then
the cycle class map Chp(X)⊗Q→ H2p(X,Q) is injective for all p.
3.1. The decomposition of Diagonal. According to Bloch and Srinivas, the
triviality of the Chow group of a projective varietyX gives rise to the decomposition
of diagonal in X ×X .
Proposition 3.2 ([BS]). Let ∆X ⊂ X ×X be the diagonal. If Ch0(X) ∼= Z, then
there exists an integer N > 0, a divisor D ⊂ X, and n-cycles Γ1, Γ2 on X × X
such that supp(Γ0) ⊂ X × p0, supp(Γ
1) ⊂ D ×X and
∆X = Γ0 + Γ
1
in Chn(X ×X)⊗Q.
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There many variants and applications of this technique, including the general-
izations given by Paranjape [Pa], Laterveer [Lat], etc.
Proposition 3.3. Let X be a smooth projective variety. Assume that for p ≤ s,
the maps
cl : Chp(X)⊗Q→ H
2n−2p(X,Q)
are injective. Then there exists a decomposition
∆X = Γ0 + · · ·+ Γs + Γ
s+1 ∈ CHn(X ×X)⊗Q,
where Γp is supported in Vn−p × Wp, p = 0, · · · , s with dimVn−p = n − p and
dimWp = p, and β is supported in Vn−s−1 ×X.
Proposition 3.4 (cf. [Lat], [Pe]). Assume that X and Y are smooth projective
varieties and let α ⊂ X × Y be an irreducible cycle of dimension dim(X) = n,
supported on V ×W , where, V ⊂ X is a subvariety of dimension v and W ⊂ Y a
subvariety of dimension w. Let V˜ , resp. W˜ be a resolution of singularities of V ,
resp. W and let i˜ : V˜ → X and j˜ : W˜ → Y be the corresponding morphisms. With
α˜ ⊂ V˜ × W˜ the proper transform of α and p1, resp. p2 the projections from X × Y
to the first. resp. the second factor, there is a commutative diagram
Chp−n+v+w(V˜ × W˜ )
α˜∗−→ Chp(V˜ × W˜ )
↑ p∗1 ↓ (p2)∗
Chp−n+v(V˜ ) Chp(W˜ )
↑ i˜∗ ↓ j˜∗
Chp(X)
α∗−→ Chp(Y ).
Here i˜∗ is induced by the Gysin homomorphism, p∗1 is the flat pull-back, and (p2)∗
and j˜∗ come from proper push forward. In particular, α∗ = 0 if p < n − v or if
p > w. Moreover, αn−v acts trivially on Chn−v(X)hom if Ch0(V˜ )hom = 0, while
αw acts trivially on Chw(X)hom.
Proof. For the proof of the commutative diagram for Chow groups, it was shown
in [Lat, Thm. 1.7]. The statement in this proposition is the analogue for Lawson
homology given in the Proposition 12 in [Pe].
The one but last assertion follows from the fact that Chm−n+v(V˜ ) = 0 for
m − n + v < 0 and Chm(W˜ ) = 0 if m > w. The final assertion follows from the
fact that for all varieties Z, one has Cht(Z)hom = 0 for t = dimZ, while also
Ch0(V˜ )hom = 0 by assumption. 
Lemma 3.5. Under the same assumption in Proposition 3.4, we obtain that αn−v
acts trivially on Chn−v(X)hom if Ch0(V )hom = 0.
Proof. First of all, it is enough to show that for the morphism i˜ = i ◦ σ : V˜
σ
→
V
i
→֒ X , all the pullback maps σ∗ : Chk(V ) → Chk(V˜ ), i∗ : Chk(X) → Chk(V )
and i˜∗ = (i◦σ)∗ : Chk(X)→ Chk(V˜ ) are defined and hence (i◦σ)∗ = σ∗ ◦ i∗. Once
these are proved, then the map Chk(X) → Chk(V˜ ) factors through Chk(V ) and
one gets the triviality of the action αn−v on Chn−v(X)hom under the assumption
Ch0(V )hom = 0. To see that i
∗ is well-defined, we note that X is smooth, so
the graph of i is Γi
j
→֒ V × X , which is a locally complete intersection in V ×X
and the projection prX : V × X → X is flat. Hence i
∗ is defined to be the
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composition Chk(X)
pr∗X→ Chk(V × X)
j∗
→ Chk(Γi) = Ch(V ) (see [V, p.258]). To
see that σ∗ is well-defined, we consider the factorization of σ as the composition
V˜ → Γσ
iσ
→֒ V˜ × V
prV
→ V , where the first map is the isomorphism of V to the
graph of σ, iσ is the inclusion of the graph into the product V˜ × V and prV
is the projection to V . Since V˜ is smooth, prV is a smooth map. Hence iσ is
a regular embedding and we have a well-defined pullback map on Chow groups
Chk(V˜ × V ) → Chk(Γσ) (see [Ful, B.7.6]). Now σ
∗ : Chk(V ) → Chk(V˜ ) is the
composition Chk(V )
pr∗V→ Chk(V˜ ×V )
i∗σ→ Chk(Γσ)→ Ch
k(V˜ ). Since both σ∗ and i∗
are well-defined, the equality (i◦σ)∗ = σ∗ ◦i∗ follows directly from their definitions.
Therefore, we have the following commutative diagram
Chk(X)
i∗
// Chk(V )
σ∗

Chk(X)
(i◦σ)∗
// Chk(V˜ ),
where k = dim(V ). 
Now we can give a proof of Theorem 3.1.
Proof of Theorem 3.1. By hypothesis, the fixed point set XC is isolated and by
Corollary 1 in [B-B1], XC is connected and so it is exactly one point and we denote
it by p0. By Proposition 2.3, we have Ch0(X) ∼= Z. By Bloch-Srinivas’ Proposition
3.2, we have
(3.6) ∆X = Γ0 + Γ
1 ∈ Chn(X ×X)⊗Q,
where supp(Γ0) = X × p0, p0 is the fixed point and Γ
1 ⊂ D ×X . Since X admits
C-action, denoted by C×X → X, (t, x) 7→ φt(x), X×X carries the induced action
C×X ×X → X ×X by (t, (x, y)) 7→ (φt(x), φt(y)). Note that both the diagonal
∆X ⊂ X ×X and X × p0 carry the induced C-action by restriction. By applying
φt on Equation (3.6), one gets Γ
1 is C-invariant and carries the induced C-action.
To see this, one note that the flow φt induced from the C-action generates a
finite volume complex graph T in the sense of Harvey and Lawson (see [HL, §9]),
where
T := {(t, φt(x), x) ∈ C×X ×X |t ∈ C and x ∈ X} ⊂ P
1 ×X ×X
and its closure T ⊂ P1 × X × X is a projective variety. This T gives a rational
equivalence of ∆X − Γ0 to an algebraic cycle supported in D × X since the limit
points of non-fixed points supported in proper subvarieties, where D is a divisor of
X . The algebraic cycle we denote by Γ1. We have the similar method to choose Γi
for i > 1 below.
This means Γ1 = φt(Γ
1) ⊂ φt(D) for all t ∈ C and so Γ
1 ⊂ ∩t∈Cφt(D). Therefore
there are two possible cases: Either D is C-invariant divisor or D′ = ∩t∈Cφt(D)
is a C-invariant subscheme of lower dimension. In the first case, we can write
D =
∑
aiZi, where each Zi is an irreducible variety of codimension one, while in the
second case D′ =
∑
aiZ
′
i, where codim(Z
′
i) ≥ 1. The invariance of D or D
′ implies
that each Zi or Z
′
i is C-invariant. By taking p = 1, v = n−1 in Proposition 3.4 and
Lemma 3.5, one gets the surjectivity of the map Ch0(D
′)hom⊗Q→ Ch1(X)hom⊗Q.
If codim(Z ′i) > 1, then Ch
n−1(Z ′i) = 0. This implies that the action of Γ∗ on
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Ch1(X) = Ch
n−1(X) is zero if the support of the cycle Γ is in Z ′i ×X . Therefore,
we only need to consider such a Γ whose support in Z ′i × X with codim(Z
′
i) = 1
and we can assume that D′ = D is an invariant divisor, i.e. a scheme pure of
codimension 1 in X . We write Z ′i as Zi below. Since Zi admits C-action, we have
Ch0(Zi) ∼= Z by Proposition 2.3. Again by Proposition 3.4 and Lemma 3.5, the map
Ch0(
∑
Zi)hom⊗Q→ Ch1(X)hom⊗Q is surjective. Therefore Ch1(X)hom⊗Q = 0.
Since Ch1(X)hom ⊗ Q = 0, there exists a scheme W1 of dimension 1 such that
Ch1(W1) ⊗ Q ։ Ch1(X) ⊗ Q is surjective. Note that W1 can be chosen as C-
invariant. Now Ch0(X)hom ⊗ Q = 0 and Ch1(X)hom ⊗Q imply that the diagonal
∆X can be written as
(3.7) ∆X = Γ0 + Γ1 + Γ
2 ∈ Chn(X ×X)⊗Q,
where Γ1 = Γ1 + Γ
2, supp(Γ1) ⊂ Vn−1 ×W1 and supp(Γ
2) ⊂ Vn−2 ×X . The cycle
Γ1 is C-invariant since it is the restriction of Γ
1 on X×W1, where Γ
1 is C-invariant.
Hence Γ2 = Γ1 − Γ1 is also C-invariant.
As above, supp(Γ2) ⊂ Vn−2 ×X and Γ
2 is C-invariant. This implies that Vn−2
is C-invariant. Therefore, Vn−2 admits a C-action with V
C
n−2 = p0. By Proposition
2.3, Ch0(Vn−2)hom = 0. By Proposition 3.4 and Lemma 3.5, Ch0(Vn−2)hom⊗Q→
Ch2(X)hom ⊗ Q is surjective. Hence Ch2(X)hom ⊗ Q = 0. By induction, we can
continue this procedure such that Chp(X)hom⊗Q = 0 for all p = 0, 1, ..., n = dimX .
Therefore, Chp(X)⊗Q→ H2p(X,Q) is injective for all p. This completes the proof
of the theorem. 
Remark 3.8. Contrary to the nonsingular case, if X is a singular irreducible pro-
jective variety admitting a C-action with isolated fixed points, the dimension of
Ch1(X)hom⊗Q as a rational vector space can be infinite and hence Ch1(X)⊗Q→
H2(X,Q) is not injective any more. For example, if X is a cone over a smooth
projective variety Y with a nonzero geometric genus.
Remark 3.9. Comparing to the case thatX is a smooth projective variety admitting
a C-action, one can get a stronger structure theorem than Theorem 3.1 for X if it
admits a C∗-action with isolated fixed points (see [B-B2]).
Note that it is well known that a smooth projective variety with a non-trivial
C-action will always admitted a non-trivial action of C∗. However, it seems hard to
find a smooth projective variety with C-action with isolated fixed points without
a action of C∗ with isolated fixed point. Most of the known examples are of G/P
type, where G is an algebraic group and P is a parabolic subgroup. Konarski has
found a few examples of such smooth projective varieties in Pn defined quadratic
polynomials ([K]). One of the varieties admit both a C and C∗-action with isolated
points, with the same homological group with P5 but carries different topological
type. He also pointed out there may exist more examples using higher degree
polynomials.
One the other hand, it is a basic open problem in this area whether there exists
a smooth variety with a C-action with isolated points but it does not admit any C∗-
action isolated fixed points (cf. [Ca]). Moreover, a conjecture of Carrell says that
a smooth protective variety that admits a holomorphic vector field with exactly one
zero is rational. If the Carrell conjecture fails, then any of such counterexamples is
the example of the above type.
The next subsection says that Carrell conjecture cannot be disproved through
comparing invariants of a rational oriented cohomological theory (cf. [P]). More
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precisely, let X be a C-action with isolated points, the rational coefficients oriented
cohomological groups of X coincide with some smooth rational projective variety
Y .
3.2. Applications. As the first application, we get the following result on Hodge
numbers.
Corollary 3.10 ([CL]). Under the assumption of Theorem 1.1, we have hp,q(X) =
0 if p 6= q.
Proof. This is the classical application of Theorem 1.1 and the Bloch-Srinivas di-
agonal decomposition method and its generalization (see [Lat, Th.1.9]). 
Note that the injectivity of Chp(X)Q → H2p(X,Q) for all 0 ≤ p ≤ dimX implies
the surjectivity of Chp(X)Q → H2p(X,Q), since the Hodge conjecture holds in this
case and any element α ∈ H2p(X,Q) ∼= H
2n−2p(X,Q) is of (n − p, n− p)-form by
Corollary 3.10. Hence the cycle class map is an isomorphism after tensoring the
coefficients.
Corollary 3.11. Under the assumption of Theorem 1.1, we have the isomorphism
Chp(X)Q ∼= H2p(X,Q) for all p ≥ 0.
Corollary 3.12. Under the assumption of Theorem 1.1, we have
Φp,k : LpHk(X)Q ∼= Hk(X,Q)
for k ≥ 2p ≥ 0.
Proof. First, we show Φp,k is injective for k ≥ 2p ≥ 0. By Theorem 1.1, we have
Chp(X)hom ⊗Q = 0. This together with the action of diagonal on Lawson homol-
ogy with rational coefficients, we obtain that the cycle map Φp,k : LpHk(X)Q →
Hk(X,Q) is injective for k ≥ 2p ≥ 0 (see [Pe]). Now we show Φp,k is injec-
tive for k ≥ 2p ≥ 0. For k odd, then Hk(X,Q) = 0 and so LpHk(X)Q = 0.
Hence LpHk(X)Q ∼= Hk(X,Q) = 0. For k even, set k = 2m. In this case, we
have 2p ≤ k = 2m and so p ≤ m. By Corollary 3.11, we see that the cycle
class map Φm,2m : LmH2m(X)Q → H2m(X,Q) is an isomorphism. Moreover, the
map Φm,2m factors through Φp,2m : LpH2m(X)Q → H2m(X,Q) for 0 ≤ p ≤ m
(see [FM]). Therefore, Φp,2m : LpH2m(X)Q → H2m(X,Q) is surjective and hence
Φp,k : LpHk(X)Q → Hk(X,Q) is surjective for k ≥ 2p ≥ 0. This completes the
proof of the corollary. 
Remark 3.13. Under the assumption of Theorem 1.1, we have shown in Proposition
2.3 and Corollary 2.11 that Φ0 : Ch0(X) ∼= H0(X,Z) ∼= Z and Φ1,k : L1Hk(X) ∼=
Hk(X,Z) for k ≥ 2 ≥ 0. However, it is still unknown in general whether Φp :
Chp(X) ∼= H2p(X,Z) for all p ≥ 1 and Φp,k : LpHk(X) ∼= Hk(X,Z) for k ≥ 2p ≥ 4.
Remark 3.14. Corollary 3.11 and 3.12 is a general principle that if Ch∗(X×X)hom⊗
Q = 0, then all the rational oriented (co)homology theory ofX are isomorphic to the
singular homology theory of X . Note the Chow theory and Lawson homology are
examples of oriented cohomology theory. Other examples of oriented cohomology
theory are complex cobordism, complex K-theory, and Morava K-theories(cf. [P]).
Let X be a smooth complex projective variety. It was shown in [FM, §7] that the
subspaces TpHk(X,Q) form a decreasing filtration (called the topological filtration):
· · · ⊆ TpHk(X,Q) ⊆ Tp−1Hk(X,Q) ⊆ · · · ⊆ T0Hk(X,Q) = Hk(X,Q)
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and TpHk(X,Q) vanishes if 2p > k.
Denote by GpHk(X,Q) ⊆ Hk(X,Q) the Q-vector subspace of Hk(X,Q) gener-
ated by the images of mappingsHk(Y,Q)→ Hk(X,Q), induced from all morphisms
Y → X of varieties of dimension ≤ k − p.
The subspacesGpHk(X,Q) also form a decreasing filtration (called the geometric
filtration):
· · · ⊆ GpHk(X,Q) ⊆ Gp−1Hk(X,Q) ⊆ · · · ⊆ G0Hk(X,Q) ⊆ Hk(X,Q)
Denote by F˜pHk(X,Q) ⊆ Hk(X,Q) the maximal sub-(Mixed) Hodge structure
of span k − 2p. (See [Gr] and [FM].) The sub-Q vector spaces F˜pHk(X,Q) form a
decreasing filtration of sub-Hodge structures:
· · · ⊆ F˜pHk(X,Q) ⊆ F˜p−1Hk(X,Q) ⊆ · · · ⊆ F˜0Hk(X,Q) ⊆ Hk(X,Q)
and F˜pHk(X,Q) vanishes if 2p > k. This filtration is called the Hodge filtration.
It was shown by Friedlander and Mazur that
(3.15) TpHk(X,Q) ⊆ GpHk(X,Q) ⊆ F˜pHk(X,Q)
holds for any smooth projective variety X and k ≥ 2p ≥ 0.
Friedlander and Mazur proposed the following conjecture which relates Lawson
homology theory to the central problems in the algebraic cycle theory.
Conjecture 3.16 (Friedlander-Mazur [FM] ,Grothendieck [Gr]). For any smooth
projective variety X and k ≥ 2p ≥ 0, one has
TpHk(X,Q) = GpHk(X,Q) = F˜pHk(X,Q).
Corollary 3.12 implies directly that the Friedlander-Mazur conjecture and the
Generalized Hodge conjecture (see [Gr]) holds for such a smooth projective variety.
Corollary 3.17. Under the assumption of Theorem 1.1, the Friedlander-Mazur
conjecture and the Generalized Hodge conjecture hold for X, i.e., for k ≥ 2p ≥ 0,
we have
TpHk(X,Q) = GpHk(X,Q) = F˜pHk(X,Q).
Acknowledgements. The project was partially sponsored by STF of Sichuan
province, China(2015JQ0007) and NSFC(11771305).
References
[B-B1] A. Bia lynicki-Birula, On fixed point schemes of actions of multiplicative and additive
groups. Topology 12 (1973), 99–103.
[B-B2] A. Bia lynicki-Birula, Some theorems on actions of algebraic groups. Ann. of Math. (2)
98 (1973), 480–497.
[Bl] S. Bloch, Algebraic cycles and higher K-theory. Adv. in Math. 61 (1986), no. 3, 267–304.
[BS] S. Bloch and V. Srinivas, Remarks on correspondences and algebraic cycles. Amer. J.
Math. 105 (1983), no. 5, 1235–1253.
[CL] J. Carrell and D. Lieberman, Holomorphic vector fields and Kaehler manifolds. Invent.
Math. 21 (1973), 303–309.
[Ca] J. Carrell, Holomorphic C∗ actions and vector fields on projective varieties. Topics in
the theory of algebraic groups, 1–37, Notre Dame Math. Lectures, 10, Univ. Notre Dame
Press, Notre Dame, IN, 1982.
[CS1] J. B. Carrell and A. J. Sommese, C∗-actions. Math. Scand. 43 (1978/79), no. 1, 49–59.
[CS2] J. B. Carrell and A. J. Sommese, Some topological aspects of C∗ actions on compact
Kaehler manifolds. Comment. Math. Helv. 54 (1979), no. 4, 567–582.
Holomorphic vector field and Chow groups 13
[D1] P. Deligne, The´orie de Hodge. II, Inst. Hautes E´tudes Sci. Publ. Math. No. 40 (1971),
5–57.
[D2] P. Deligne, The´orie de Hodge. III, Inst. Hautes E´tudes Sci. Publ. Math. No. 44 (1974),
5–77.
[F1] E. Friedlander, Algebraic cycles, Chow varieties, and Lawson homology. Compositio
Math. 77 (1991), no. 1, 55–93.
[FHW] E. Friedlander; C. Haesemeyer and M. Walker, Techniques, computations, and conjec-
tures for semi-topological K-theory. Math. Ann. 330 (2004), no. 4, 759–807.
[FM] E. Friedlander and B. Mazur, Filtrations on the homology of algebraic varieties. With
an appendix by Daniel Quillen. Mem. Amer. Math. Soc. 110 (1994), no. 529.
[Ful] W. Fulton, Intersection theory. Second edition. Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge, Band 2. Springer-Verlag, Berlin, 1998.
[Gr] A. Grothendieck, Hodge’s general conjecture is false for trivial reasons, Topology, 8
(1969),299–303.
[HL] F. R. Harvey and H. B.Lawson, Finite volume flows and Morse theory. Ann. of Math.
(2) 153 (2001), no. 1, 1–25.
[Ho] A. Howard, Holomorphic vector fields on algebraic manifolds. Amer. J. Math. 94 (1972),
1282–1290.
[H1] W. Hu, On Additive invariants of actions of additive and multiplicative groups. J. K-
Theory. 12(2013), No. 3, 551–568.
[H2] W. Hu, Birational invariants defined by Lawson homology. Michigan Math. J., 60, No.
2(2011), 331–354.
[Hw] J. M. Hwang, Additive vector fields, algebraicity and rationality. Math. Ann. 304 (1996),
no. 4, 757–767.
[Lat] R. Laterveer,Algebraic varieties with small Chow groups. J. Math. Kyoto Univ. 38 (1998),
no. 4, 673–694.
[Law1] H. B. Lawson, Jr., Algebraic cycles and homotopy theory., Ann. of Math. 129(1989),
253-291.
[Law2] H. B. Lawson, Jr., Spaces of algebraic cycles. pp. 137-213 in Surveys in Differential
Geometry, 1995 vol.2, International Press, 1995.
[Li1] D. I. Lieberman, Holomorphic vector fields on projective varieties. Several complex vari-
ables (Proc. Sympos. Pure Math., Vol. XXX, Part 1, Williams Coll., Williamstown,
Mass., 1975), pp. 273–276. Amer. Math. Soc., Providence, R.I., 1977.
[Li2] D. I. Lieberman, Holomorphic vector fields and rationality. Group actions and vector
fields (Vancouver, B.C., 1981), 99–117, Lecture Notes in Math., 956, Springer, Berlin,
1982.
[LF] P. Lima-Filho, Lawson homology for quasiprojective varieties. Compositio Math.
84(1992), no. 1, 1–23.
[K] J. Konarski, Some examples of cohomological projective spaces, via C+-actions. Group
actions and invariant theory (Montreal, PQ, 1988), 73–84, CMS Conf. Proc., 10, Amer.
Math. Soc., Providence, RI, 1989.
[P] I. Panin, (after Panin, I. and Smirnov, A.) Oriented Cohomology Theories of Algebraic
Varieties. K-Theory J. 30 (2003), 265–314.
[Pa] K. Paranjape, Cohomological and cycle-theoretic connectivity. Ann. Math., II. Ser. 139
(1994) , 641660
[Pe] C. Peters, Lawson homology for varieties with small Chow groups and the induced fil-
tration on the Griffiths groups. Math. Z. 234 (2000), no. 2, 209–223.
[V] C. Voisin, Hodge theory and complex algebraic geometry. II. Translated from the French
by Leila Schneps. Cambridge Studies in Advanced Mathematics, 77. Cambridge Univer-
sity Press, Cambridge, 2003.
School of Mathematics, Sichuan University, Chengdu 610064, P. R. China
E-mail address: huwenchuan@gmail.com
